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HILBERT 3-CLASS FIELD TOWERS OF
REAL CUBIC FUNCTION FIELDS

HwaNYUP JUNG*

ABSTRACT. In this paper we study the infiniteness of Hilbert 3-
class field tower of real cubic function fields over Fq(T"), where ¢ =
1 mod 3. We also give various examples of real cubic function fields
whose Hilbert 3-class field tower is infinite.

1. Introduction

Let k = F4(T') be a rational function field over the finite field F, of ¢
and A = [F,[T]. For a finite separable extension F' of k, write O for the
integral closure of A in F. Let oo be the infinite place of k and S (F')
be the set of places of F' lying over co. Let ¢ be a prime number. The
Hilbert 0-class field of F' is the maximal unramified abelian /-extension

of F'in which every places o, € Seo(F') splits completely. Let Fée) =F

and inductively, Fé?l be the Hilbert /-class field of F,(f) for n > 0 (cf.

[4]). Then the sequence of fields
FP=FcFYc...cF¥c...

is called the Hilbert £-class field tower of F and we say that the Hilbert
{-class field tower of F' is infinite if F,Ef) #* Fgﬁl for each n > 0. For
a multiplicative abelian group A, let 7(A) = dimp,(A/A) be the the
l-rank of A. Let Clr and O} be the ideal class group and the group of
units of Op, respectively. Schoof [6] proved that the Hilbert ¢-class field

tower of F' is infinite if

(1.1) re(Clp) > 242 Tg(O}) + 1.
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In [1], Ahn and Jung studied the infiniteness of the Hilbert 2-class field
tower of imaginary quadratic function fields. Assume that ¢ is odd with
¢ = 1 mod 3. In [3], we studied the infiniteness of the Hilbert 3-class
field tower of imaginary cubic function fields. By a real cubic function
field, we always mean a finite (geometric) cyclic extension F' over k of
degree 3 in which oo splits completely. The aim of this paper is to study
the infiniteness of the Hilbert 3-class field tower of real cubic function
fields and give a various examples of real cubic function fields which have
infinite Hilbert 3-class field tower.

2. Preliminaries

2.1. Rédei matrix and the invariant )\

Assume that g is odd with ¢ =1 mod 3. Fix a generator v of F;. Let
P(A) be the set of all monic irreducible polynomials in A. Assume that
we have given a total ordering “<” on the set P(A) such that P < @
for any P,@Q € P(A) with deg P < deg@. Then any real cubic function
field F' can be written as F = k(/D), where D = Pj*... P/* with
P, € P(A), r; € {1,2} for 2 < i < t and 3|deg D. If we assume that
P <..- < P, and r; = 1, then D is uniquely determined by F', and we
denote Dp = D. We say that Dp is special if 3| deg P; for all 1 < i < t.
Let o be a generator of G = Gal(F/k). We have

—0 . —0 —a 2
(21)3(Cl) = dimg, (Clp/Cliy ™) + dim, (Cla~" /i)

Put
i—1 1
Ai(F) = dimp, (cz;}“’) Jeit=o) ) (i=1,2).

For 0 # N € A, write w(N) for the number of distinct monic irreducible
divisors of N. Then, by the Genus theory (see [2, Corollary 3.5]), we
have

Dp)—1, if Dpi ial
(2.2) M(F) = {W( r)—1, if Dp is special,

w(Dp) —2, otherwise.

Let n = 7%. Let Mp be the t x t matrix (e;;)1<i j<¢ over F3, where,
for 1 <i#j <t ey €F3is defined by n® = (%)3, and the diagonal
entries e;; are defined to satisfy the relation Zle rje;; = 0. Let d; € F3

be defined by d; = deg P; mod 3 for 1 <i < ¢. We associate a (t+1) x ¢
matrix Rp over F3 to I’ as follows:
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e If Dp is non-special or D is special with v € Np/,(OF), then Rp
is the (t+1) xt matrix obtained from My by adjoining (dy, ... ,d;)
in last row.
e If Dp is special with v ¢ Np/,(OF%), then R is the (t+1) xt matrix
obtained from My by adjoining (ep1, ... ,ept) in last row, where
B € A is a monic polynomial such that B = N(B), B! = 20,
Npyp(x) € Fi \F:? and ep; € Fs is defined by n®# = (%).
Then we have (see [2, Corollary 3.8])
(2.3) )\Q(F) = w(DF) —-1- rankRF.
Hence, by inserting (2.2) and (2.3) into (2.1), we have

2w(Dp) —2 —rank Rp, if Dp is special,
2w(Dp) —3 —rank Rp, otherwise.

(2.4) Tg(ClF) = {

2.2. Some lemmas

Let E and K be finite (geometric) separable extensions of k such that
E/K is a cyclic extension of degree ¢, where ¢ is a prime number not
dividing ¢. Let yg/x be the number of prime ideals of Ok that ramify
in E and pg/k be the number of places poo € Soo(K) that ramify or
inert in E. If

(25) Yeyxe > [SselB)] = piyic + 3+ 20/ 0Soc ()] + (1= Opyic +1,

then F has infinite Hilbert ¢-class field tower (see [1, Proposition 2.1]).
By using this criterion, we give some sufficient conditions for a real cubic
function field to have infinite Hilbert 3-class field tower. For D € A,
write 7(D) for the set of all monic irreducible divisors of D.

LEMMA 2.1. Assume that q is odd with ¢ = 1 mod 3. Let F' be a real
cubic function field over k. If there is a nonconstant monic polynomial D’
such that 3| deg D', w(D') C m(Dp) and (§)3 =1 for P, € n(D)\m(D’)
(1 <i<5), then F has infinite Hilbert 3-class field tower.

Proof. Put K = k(v/D') and E = FK. Since vg i > 15, |Soo(K)| =
3 and pg/k = 0, the inequality (2.5) is satisfied, so £ has infinite Hilbert
3-class field tower. By hypothesis, Pi, P», P3, Py, Ps and oo split com-

pletely in K, so E is contained in F' 1(3). Hence F also has infinite Hilbert
3-class field tower. O

LEMMA 2.2. Assume that q is odd with ¢ = 1 mod 3. Let F' be a real
cubic function field over k. If there are two distinct nonconstant monic
polynomials Dy, Do such that 3| deg D;, w(D;) C w(Dp) for i = 1,2 and
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(%]1)3 = (%72)3 =1 for some Pj € W(DF) \ (7T(D1) U TI'(DQ)) (1 S] < 3),
then I’ has infinite Hilbert 3-class field tower.

Proof. Put K = k(v/D1,v/D2) and E = FK. Since yg/x > 27,
|Soo(K)| = 9 and pp/kx = 0, the inequality (2.5) is satisfied, so £ has
infinite Hilbert 3-class field tower. By hypothesis, Py, P>, P3 and oo split

completely in K, so E is contained in F1(3). Hence F' also has infinite
Hilbert 3-class field tower. O

3. Hilbert 3-class field tower of real cubic function field

Assume that ¢ is odd with ¢ = 1 mod 3. In this section we give
several sufficient conditions for real cubic function fields to have infinite
Hilbert 3-class field tower and examples.

Let F' be a real cubic function field. Since 73(0%) = 2, by Schoof’s
theorem, the Hilbert 3-class field tower of F' is infinite if r3(Clp) > 6.
By (2.2), F has infinite Hilbert 3-class field tower if w(Dp) > 7 or
w(DF) > 8 according as D is special or not. We will consider the cases
that w(Dp) < 6 if Dp is special and w(Dp) < 7 if Dp is non-special.

THEOREM 3.1. Assume that q is odd with ¢ = 1 mod 3. Let F be a
real cubic function field.

(i) Assume that Dp is special. If w(Dp) = 6 with rank Rp < 4,
w(Dp) = 5 with rank Rp < 2 or w(Dp) = 4 with rank Rp = 0,
then F' has infinite Hilbert 3-class field tower.

(ii) Assume that Dp is non-special. If w(Dp) = 7 with rank Rp < 5,
w(Dp) = 6 with rank Rp < 3 or w(Dp) = 5 with rank Rp < 1,
then F' has infinite Hilbert 3-class field tower.

Proof. By using the Schoof’s theorem with (2.4), we see that F' has
infinite Hilbert 3-class field tower if

2w(Dp) — if Dp i ial
rank Rp < w(Dr) — 8, 1 F ?s special, '
2w(Dp) —9, if Dp is non-special.
Hence the result follows immediately. O

THEOREM 3.2. Assume that ¢ is odd with ¢ = 1 mod 3. Let F be
a real cubic function field with w(Dp) > 6. If there exists Q € m(Dr)
with 3|deg Q and P; € w(Dp) \ {Q} such that ()3 =1 (1 <i < 5),
then F' has infinite Hilbert 3-class field tower.
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Proof. By applying Lemma 2.1 with D’ = @Q, we see that F has
infinite Hilbert 3-class field tower. O

EXAMPLE 3.3. Let k = F7(T) and A = F7[T]. Take Q = T3+2T?+1,
P =T,P=T+2 P3=T+3,Py,=T?>+2and Ps=T>+T+1. By
simple computations, we see that (%)3 =1 for 1 <i<5. Then, for any
D = Q°P{' P> Py Py PS® with e,e; € {1,2} and e1 + ex + €3+ 2e4 =
0 mod 3, k(V/D) is a real cubic function field whose Hilbert 3-class field

tower is infinite by Theorem 3.2.

Let N(n,q) be the number of monic irreducible polynomials of degree
n in A = Fy[T]. Then it satisfies the following one ([5, Corollary of
Proposition 2.1)):

1 n
N(n,q) = — 7.
(n.q) =~ pu(d)g
dn
For a € Fy, let N(n,a,q) be the set of monic irreducible polynomi-

als of degree n with constant term a in A = F,[T] and N(n,«o,q) =
IN'(n,a, q)|. Define

D, ={r:r|(¢" —1),71(¢™ —1) for m < n}.
For each r € Dy, let r = m,d,, where d, = ged(r, %). In [7], Yucas
proved that N(n,a,q) satisfies the following formula:

(3.1) Nin.q) = s 3 0l
—sr

where f is the order of « in FFy.

EXAMPLE 3.4. Let k = F7(T) and A = F7[T]. We will find the
number N(3,1,7). We have

D3 = {r:r|(7?=1),7 1 (7*=1),r{ (7—1)} = {9,18,19, 38,57, 114, 171, 342}

and mg = 1, mig = 6, mig = 1, mag = 2, ms7 = 1, my14 = 2, min = 3,
maa2 = 6. Since the order of 1 in F% is 1, by (3.1), we have

1
N(3,1,7) 5601 (¢(9) + ¢(19) + ¢(57)) = 20.
Hence, N'(3,1,7) consists of exactly 20 distinct monic irreducible poly-
nomials. Take Q = T, P, = T? + oT + 1 with a € {0,3,4} and
Py, P3Py, Ps € N(3,1,7). Then, for any D = Q°P{*Py*Py*P;* PS®
with e, e; € {1,2} and ej + e + e3 + 2e4 = 0 mod 3, we have (%)3 =1
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for 1 < i <5, so k(v/D) is a real cubic function field whose Hilbert
3-class field tower is infinite by Theorem 3.2.

THEOREM 3.5. Assume that ¢ is odd with ¢ = 1 mod 3. Let F be a
real cubic function field with w(Dp) > 5. If there exist Q1,Q2 € (D)
whose degrees are divisible by 3 and P; € n(Dp) \ {Q1,Q2} such that
(%1)3 = (%)3 =1 (1 <i<3), then F has infinite Hilbert 3-class field
tower.

[3

Proof. By applying Lemma 2.2 with D; = @)1 and Dy = )2, we see
that F' has infinite Hilbert 3-class field tower. [

EXAMPLE 3.6. Let k = F7(T') and A = F;[T]. Take P, =T, P, =
T+1,Pa=T>+1,Q, =T3+T?>+1 and Qs =T>+ T + 1. By simple
computations, we see that (%_1)3 = (%_2)3 =1 for 1 <i < 3. Then,
for any D = P1'31P2€2P§3Q{1Q22 with e;, f; € {1,2} and e; + ez + 2e3 =
0 mod 3, k(v/D) is a real cubic function field whose Hilbert 3-class field

tower is infinite by Theorem 3.5.

THEOREM 3.7. Assume that q is odd with ¢ = 1 mod 3. Let F be
a real cubic function field with non-special Dp. Assume that w(Dp) =
6 or w(Dp) = 7. If there exist Q1,Q2,Q3 € w(Dp) whose degrees
are divisible by 3 and P; € w(Dp) \ {Q1,Q2,Q3} such that (QlT?Q)g =

(QIT??’);), =1 (1 <i<3), then F has infinite Hilbert 3-class field tower.

Proof. By applying Lemma 2.2 with D; = @Q1Q2 and Dy = Q1Qs,
we see that F' has infinite Hilbert 3-class field tower. O

EXAMPLE 3.8. Let k = F7(T) and A = F7[T|. Take P, =T, P, =
T+2, Py =T%4+1,Q1 = T3+T+1, Qy = T3+T%+1 and Q3 = T3> +T—1.
By simple computations, we see that

()= ()= (8), =0 (32),-(R),

Hence, we have

(Q1Q2) _ <Q1Q3
3

—1(1<i<3).
P, 3)3 (1=<i<3)

Then, for any D = Pf1P§2P§3Q{1 Qs with e;, fj € {1,2} and e; + ez +
2e3 = 0 mod 3, k(V/D) is a real cubic function field whose Hilbert 3-class
field tower is infinite by Theorem 3.7.
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